
=36.6sXnr-266(59) Is

7-=w4401 803
CMUINTORMA HMEahS IN THE TSEOHr OF DAMS

C-, 
by

Zajos Tak.ice

Columinba Universi.ty

Departaunt of Yithuamt~oa3 Statistics

ftmrh 25,, 1.963

APR 221963i

TIFýAA

This rsemIuv vas supportied ty the Office of Navl Resazrch under
Contract Numbe Nowi'266(59). Prvject uuber 047203.5 Hpo&Xvftco
la whole or lu part Is pez'miited fbri uzW purpox. of the United
out"atesomvnt.



1..-

I this paper we sbal be concened uithtU. ath tial Models

of Infinite dam. In the firct model Independent randu inputs Occur

at regmlar thus Intervals and L-. the aseond model inde1;Pen1de-' ntwd=

Inputs oeCU in accordance idth a Poisoon proceso The first model

has afread been studied tV j4gg [6]v GaF To £16) mid others, and

the second model by J.JOw and H.U [7), j&j.±nd [8),

Do. G Kerwall [9], and others. For both models we shall find eWAoit

fbroge for the distribution of thc content of the daG and .that of

"the lengths of tho wot pew2odic d dx pereodo. The proofs are el.-

matm7 and based on tm pgneai.ztions of the classical ballot them,

2, GEM-I. &TTONS OF _' C7ASSITC"AL BALtOT THEOREM

The classical ba!Ioe thoorom 1r a fo!l!obs Suppose that in a

ballot candidato A orcoz3 -1 vorsv -aý cand.idete B scozs b votes,

Let a > pb -&ar p 2 0 to cn ,~~w Ths probability that,

throtighout the counimng, t- ra be of votos for A is aliys pgrater

than V% t~me tho nanbar of vota~s :-vg1zt*--d for B is

(1) a ba+b

proviMed that all the voting records am equally probable,

ftruzla (1) for 1. u•s found in 1887 by J [43 ae



for P.? I A] Ina Ia 887 by ~ 3.The Proof Of (1) for

p a Iw W given in=7 t D. ndrA[23 and frP 1in19M Ir,

The ela~ssioal banoft theormam als ~1o be ftzilated *a 1fel~oms

Lot vr a0 Ifthe r-th vote incast for A andlet vr

if the r.,th vote to; cast for P. Let n =a4b and k =b(pi1). Then

k
(2) P jr 1 ..+ v 7< rfwr 3al,,.,snj v+. vwk3 =:L ;;,

if Ock<n.

The author pmoed byr wathamtieal. inductioni that (2) Also

holds if, gawre , v1,.,,, V e."o Intmrhangeable ranfou

varibles assuting noinmegativo intagsr vza1js, (CZ0 [10) and [1311,)

Hbremmr (2) also hold~s It v v ae WyclicaIly intehagal

raou variabesa assmiting nonmng43tio integer valnes, For this latter

ease & sijuple geometric prooi wwa given 1F C.L &I (oral oammu.

Wicatian), Cf, also J., C. DtMue (15] and -4. - 4158 [3]. 3ha uhat

fblmn vm raan prove (2) for cyc~lcilly interchmwmeblo zralou

Variables.

~~e~.alndyndouw Ja~sBB§ that all te n

of(*f. Y20 "Of vn) m ac iitdsrbil. Te



:L ki 11 <,
(3) P *i*.+vr < r for r I# seepnj vl4..4vnu klm n I N = ;2n

1.0 aSUM3f

m'oi~d ha te left haM gie s 11 OAMd.

PX)0F. Iat k1s~ k 29..., kn be Axed nonegative Inteprer with

su k.,k 2 .,+ kn = k where 0 < k < n, Define kjfn - k, for J a L2,...

I* shall pro that among the n aV.lic peurmtations of (kl, k2 ,..., kn)

there are exaotly n-k for mbich the mu of the first r mabers is

less than r for all r = H,2...,n Hence th theorem Imediately

followfo rO<k<n. If kaO or k>n, then (3) is tivial1Jtre.

Define .J.(k1 + ... + ki) for 01,4000,.... Then A• =

+6u - + (.wk) br j -1,s2go. * Let a be the greatest

positive integer Air which L\a "min(\ L6 10 ) "* Now we shal

prow. that there ae eawt n-k valueamng ,..., such

that

(4) < A < f br a3l j= +l#,..,i4i,

that is, there are exactly -k pexmatations among (ki+l,... ,~k i) ,

i a .41, . z m•, for thich the suv of the first r members is less than

r for all r n l2,...,n.

Denote bF ½ .2,... k the greatest idices such that

½1 :12n -- .k a af
respectively. They exist bwause A J1 A ' < 1 5 r aim J.

Ut definition of a we have ik- n and thereftre a < ½ < 2 <..< :k=

aft,4 Clear'ly (4) holds if and only if J I 1 9 ½' ±21*~ 060 * Th 07is

proves the assertion,

tow we shall also prove a further generalisatIon of the classical



~Afot tbrm The Z*bf0lnwi tb*orem men fbimd tr the author E123

"tbr int~iohaga rainda- varilables, however, weshall pro.e it hwer,

oli±ght27y r gmrnflny, for 0yaUoa2& 1neIbIsal random variablins

imdom-n&bleg Md ji& &Lthe n cciormiinp

j~v a onlin itibto.Lt I?1 ~~03T be -the coo1vJuate

arand in &Mrorasing order of n ~,nsdistri.buted uniforMl and

'Wd-9edeutl or gagh oerIn The InterAl (01,t) If

L r3 azM Ud2nd2Ar~i W262me. h

(5) P Ix 3 + O+Zr 9'r forr 19 nz+0 +Zn 3

0 othervise

PROOF. Let

16) ,Z(a)

.Zar 0 S<u : t. Then tho left hand side of (5) can also be vritten as

roflows P fX (u) Sn for 0 < u -ft 17-(t) =y~, now define



S-.5-

abwe the symbol [a) denotes the petest Intfe a, P Theorem 1

we have for 0 y t that

(8) imy~m) + so*+ v(") < rfor r 1, . ? Z (t) !5 1.iZ+ L

because v 5. = 1,2, .. , 2e, are cyolically interchageable random

variables that assume nommgative integer values and

if ZM -y, If am -- ao in (8), then b the ontiity theorem
of probability me get that

(9) PýX(d))<u for O<u<t [.(t)uY} ._-f

for 0o-Y _ t -psTovhu (5).

REXAM In £13] w proved that if v 1 23' ""' Yn are intel.
changeable random variables that assume nonnegative integer values,

then theprobabitr that v I + 0. + Vr < r holds for eaotly j values
amog r =l ... , n given that v+... + vn - k in

(1)P,-P y +...+ VL - I I *... +00 -k

if 0<k<n..1 and ji-.k 3  ... , n-l, and

(U) In-

if k=n-.l and 19,2, ... ,n.
Ry using the same procedure as we used in proving Theora 2 we can

obtain from (10) and (U) the following results IZ' I Z2 ***' n



are nonnegtive, interchangeable random variables, if Z(u) In defined
tr (6) , andif 9 (t) denotes the neamure.of the set j u i X(u) ;Su
and 1Du ;t}, thon

if y<t and -ySx<t. and

(13)x PL (t z t) t.S m

if o< x<5t.

3. REuLIR INPUT

Suppose that at times n - 1, 2, .. , water of quantities vl, V29

Is flowing into a danm (reservoir) and the release is continous at

constant unit rate uhen the dam is not empty, Suppose that vl, v2, *.., VA, o..

am idsntial distributed, matually independent random variables that

assume nomegative integer values, Denote tv I n the content of the dam

immediately after tim. n. Then w• have

(14) I a % [ + - I n , 19 2, ,..,.

The initial content i0 is a noeptive integero Deote t' %0 the



time of the first emptiness, i.e.. the smallest value of" n ':ch V2ý...

0 O Fbllowing the initial vat period (if any) dry periods &md

wet periods alternate, Denoto by I' 2, " Q P o the leng*.ls

of the successive wet periods other than the initial one. They are

identically distributed, rutualy independent random variables. The

dry periods are also identically distribeted, mutually id~pep¶ent .zrlnm

variables and independent oi tae wet periods, The probabil.ty that.

dry period has 1ene.h k Is [1-P {V1  03 2 E? [? 0, - 5 o -1 for-

k = 1,2,9..

By (14) we have

(15)=M ' a V. +..,.+ v - (n-r) for r= 1, ..., n and

o÷ Y+ 9.. + V-, •}

Inwhat follows we shall use the notation N 0o 0 and N. vi + + v

for n c 1, 2,

THEORM 3. have

(16) P k I art - Ar = P n+k-ij 1K

and, In n~articlar.

(17) Pt:ie~= i0 =~ 110(1-~ P{N'
3.0O



MP,~F If we replaceVI V, y 2 s P., vu tV vt vu 1 9 0 *. V1

respoctively la (15), then is obtain a now nmlou variabl3e

(18) a g= mi r~+1 for rvxl,,,",n and N~

vhtch has -the same dixtribut3.on as r Thus

P < k Lb - I~ ~PtNn ~ JR

(19)

PtV.5Wk-iand N,2t x1c formn r- 1, 60* U3

Let r Q - 1,..,mi) be the gimtest, r for mbich N >r~k,

Maen Nri~k and

(20) J-1

P tr. N !Snj- J. Ind Er .N,'r for JC, U

By Theowii 1

(21) P:N~ iN 3 <r...3 Vbr r3 C .n and

Putting '%21) intO (20) 'in got (16). If,, in pu-UaLlar, k 09



thou by~ Theorom, 1

(22 ý1'o} ijPN~Tm sandN < rto rIV*'e

fjuG

PFDO?, Now v have

ktyd Tv ionrm I. the itecand feo- lw~w-in ~tt ti aqm.. t-, .

PDD)T1 T, mm eru as.-1' a-

.0 a a~ c n

(116 1+ +7:: i r ~ ~

,a I. <J b 1 L



And (25) f~lOUM frv Thg~eam 1,

ROW24X If ive uu~oe. that the level of the, damn may vam In the

interval (.. oap cc) & that I., the damn nwor becomw emptirt thena the

pabobailit~y that lu the 'time laterval (01, n) the total time dnrag

ifteh the level In. below thie Initi.al level given that % k In,

(27) P{INr < r1. or j Indices r = 4 ,.,g n = k}

If 0 < k < n- vzd a~kg ... an,-l, mad

(28) Pýr w for indices rs; 1*...,PaI~suj 34

if k m ral and I1s1, n2. These follow 9hu (10) and (1l)

4. Poissoz ImPUT

SuqVMe that In the tUzW Inteval (0, am) ultor is fl*V&Ug Into

a Onm (reseworve) aeooordbn to a nndaia pm.ems ad -the relee.. is

owftinasu at ocastant, unt rate liwi the dam Is not ecptr. Denote

t~rZ (t) the uttal vantutr of wtwr lorwing Into the damn during the

tbwlj Ineav (0p t). It in supposed that



(29) Z Mt)

vb~w* [v(t),P 0 < t <3 clIsu a biaseon Proes of densi.ty Xand

positive m-ojm~i varalablea and IndepoindAt of $jv(t)j

DenaUte N "9(t) tUS czonttmt u~ the dam at tire t. The. Ird-t¶.a

content ŽjO)ý 0. Dmonte tv eo the tim of the ti~vst omtns 1 %
It mq(o) -0.~ PbfLNIng tho~ IUItL~1 vat psaad M?' si) dry peoAocez and~

mt periods alternate.. Denote 17 "ls ' 22 rgaw.. h lwtiw or

the =aeosst.va web p.~wfd other" thmii the in~itial one. Thwf arQ ldentlnal~y

distrib~xted, mumna1y Irzpadpmdt random VeAr~bIs. ThO dry periOIJ8

axe alzo idntosAi.y d~tis~dlted. wi iaaU-' independent rand=m varip-bles

a=d indepuendent ofC the vet period*. Tho probabi3.i*y that a dry period

ha.1"Imthi Sz is 1.,e~z for x-:w 0

rlat we rsntion, that W Theorem 2. va have

(30) F JX(u) Su for 0!5u-t IZ(t) =71 (I-)

if 0 S _t. Pbr if we know~ that in the tbwa interaml (0,t) there

ama n > 0 events in the PoIsson pwa'cezev thou the oacurrwme timzes

T t tv *0 ~T, have the ame joint aitiui n a the caordinates

arranged In increasing order of n points distribmzted uniferzu4y and

I~i~mdatbrof eash other In the Interval (0.0. Thw~ bVr (5) the

pnrabbilitythat ;Z(W :Su for 0 <u :5t g~m tha Z(t)" and

V(t) =n is. (I.~ if 0 : 7:5to Sine tbU Probabilitvis independent



of theoamuft5.on v(t) w n. (30) f*2m. Imsdistr.2v

By using (30) or the pi'ooshw thich we used1 in Wroring Theoium 2

j ~we obtain the folLowing theorem oorr'eqp.Ming to Theoz', 3# .1,and 5.

In vhat follow us shall use the notation Pý £Z LU) i X3 =

P X<T(): ~X regardless of wbther ui depe~adaon x or rat.

(31) P N'1(t) !- x 11(0) 0 3 a P x(t.) S ' j-

t.0o

(32) P jqt~t) = 0 1 t(0)= 5 (I. - P f(t),y
0

gast@ 0 gjAIMd

TEMOREM70Z, a3 >~0 o a

t

if t>*$, Sa 0 t ,*



-i3-

THOU8. Attj0

t

(34) P E-91 it3 =
0

for i 1, 21..., t 4 tin z()>03 /t.
t-> 0

The above three theor-ms have baen proved in [43 under the more

genwaml affsuption that {X(t), 0 < t < w3 is a ato iactic process

with !lonnegat-1v, stationavy, We.n-d~pent Inc uints.

IARMW. If ie sppose that tho level ot the dam ma vaz' in the

Interval (.w, oo)p that Is, the dam nevor becomes empty, then the

pababIity that in the tim interval (0, t) the total time daring

vhich the level is below the initial level given that Z(t) = y is

equal to (12) or (13) ohere nov (t), 0 ! t < oo2 is defined

b7 (29).
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